10.

Matrices

2 1 2 3 1 0
If A=1[3 5 7| and B=|6 2 1| ,find A+B, A-B, B-A, AB and BA.
10 1 1 -1 2
Evaluate
2 1y0 1 2 1 1 40 4 21 O
i i - i) 2 100 2 iv .
o [z @ (o) @eroo 2w 3]

1 2 14 2
Give ¢(A)=-2-5L+32% and A= . provethat ¢(A)= .
00 (3 1] p H(A) (3 14]

6 sind . . .
Show that  A(0) = co_s *in then A(0) A(d) = A(6 + ¢), and give a geometrical interpretation of
—sin® cosH
this result.
1
1 1 0 1 n En(n—l)
If A= |0 1 1|, provethat A"={0 1
0 01 00
Provethat P*’=P if P is:
% _20 -26 -18 -27 1 00
(i) [ - ] ) |21 15 21 (i) |0 1 0
30 -24
12 8 13 0 00
cos®  asin6 cosnf  asinn®
— H H n_
If K=1_1¢6 coso , prove by inductionthat K"= | 1. o o
a a

Comment on the following argument :

{Zi_i;‘_iif(i o)) =15 S)e alo)- s B hs) =(0)-(5)

Findallthe 2x2 matrices X which satisfy the equation x*—4x+31=0, | being the unit matrix
and 0 the null matrix.

If A and B are square matrices satisfying the equation A*=B, showthat A and B commute.
110

Hence find matrices A suchthat A%?= [0 1 0
2 01



11.

12.
13.

14.

15.

16.

17.

18.

2 2 1
Find A if A= |3 1 5
3 2 3

In Number 11, find (A+A)*and A*+A?*. Aretheyequal ?

Showthatif A and B are non-singular matrices of the same order, (AB)™=B"A™

The 2x2 matrices o1, 0 03,1 aredefined by :
01 0 —i 1 0 10 .
6, = o,=[> | o= | = where i#=-1.
10 i 0 0 -1 01

Prove that:

- 2 _ 2 _ 2 _

(l) 61 =0y =03 =1

(ll) 01 02= 0201 = i o3 , G203 = —0302 — i o1 0301 = —0103 — i (o]

Show also that, if 6 is areal number, I+Z(Icl—?)=lcose+icslsine.
=1 n.

A matrix A issaid to be idempotent if A’=A. Provethat,if I, isthe nxn identity matrix

and A isany nxn idempotent matrix, then

@i (I,—A) isidempotent.

(i) If A isnon-singular,then A=1,.

Show that every 2 x 2 idempotent matrix, different from 1 and 0, is of the form (r 1 g ) ,
rl-p

where p,q,r satisfy p(l-p)=qr.

by . o . .
If X= (a dj isany 2x2 matrix with complex elements, write down X? and show that if
c

X?+pX+ql=0,where p,q are complex, then either

(i) X hastrace —p anddeterminant q,

or (i) X=Al, where A isarootofthe equation x*+px+q=0.

(The trace of a square matrix is the sum of the elements in its leading diagonal. 1 is the unit matrix and

0 is the zero matrix. )

-1 2 1 1
If A= (4 1] , find amatrix B , of the form (k j . suchthat B'AB is a diagonal matrix.
il

Hence, or otherwise, express A", where n isa positive integer, in the formofa 2x2 matrix.

cosa  Sina ) . .
If S= ( ) ] and A isa 2x2 symmetric matrix with element aj,
—sino  cosa

- . 2a .
show that B =SAS’ isdiagonal if tan2a=—2>— . \Verifythat TrB=TrA.
8y — a8y



19.

20.

21.

22.

23.

24.

Xl all a‘lZ a13
If A isaconstantand x avector |X,| whichmake AX=AX,whereA= |a, a, a5,
X3 a31 a32 a33

showthat A% - A%(ay + ax + ags) + AM(Ayu + Az + Ags) - |A| = 0,

where A isthe co-factor of as in |A].

1 0 -1
Find the valuesof A is A= |0 -1 0 and find the vector x corresponding to the largest
-1 0 1

value of A.

If A isthe matrix [r Sj ,where s=0,findnumbers o and & such that A% = QA - ol,
s r

where | isthe 2 x 2 unit matrix.

Prove by induction on n, that 25A"= A-p o (n=2,3,..)
where M=(@+s)=(r=s)"

and U= =s)(r+s)"—(r+s)(r-s)"

Prove that if A isskew-symmetric (ie. A=—AT) then (I-A)(I+A)" isorthogonal.

(assuming that 1+ A isnon-singular.)

1
If S= */15 V2 , showthat S isanorthogonal matrix (SS’=1). Hence show that if
V2

1
P= (3 i] then SPS’ s a diagonal matrix.

. 1 -y . . . —
Verify that S i( . 1'] is an unitary matrix ( A'A=1 ).

2\ —i
1 3
I NCI 13
j_ 2 2 2
If X= ——3 1 0 and P= ﬁ l 0
2 2 2 2
0 0 2 0 0 1

prove that P™XP is a diagonal matrix and that X satisfies the equation X*—2X?-X+21=0,
where | is the unit matrix.



1 3 4 X, +3X, +4x,=h;

25. Find A' when A= |-1 -1 3| . Hence solve the system of equations: <—X, —X, +3X, =h,
5 1 1 5%, +X, +X; =h,
X, +X,+X, =4 4 2X, =2
X+ X, +X3+X, =
26. Solve (i) 9%, =X, +2X;=9 (i) { R (iii) 4§ x,+3x,=1
X=X, =2X;+X%X,=6
2X;,+ X, =6 4X,+2%,=3
.. X, +3%x,=4 . X, —4x,=2
27. Solve (i) e (i) v
2X, —2X, =6 2%, +X, =1
X, +2X,+X;=0 2X, +5X, +3%, =1
(i) § X, +X, =1 (iv) 93X, +X,+2x,;=1
X, —X;=3 2X, +2X,+ X, =0

28. Find a non-trivial solution for the equations

X X X
a+i, a+i, a+l,

X X X g
b+i, b+Xi, b+a,

where none of the denominators is zero .

x+a’y+a‘z=a
29. Discuss the solution of {x+b’y+b*z=Db , determining when the system has no solution, one solution,
x+c’y+c'z=c

and infinitely many solutions.

30. Find the necessary and sufficient conditions for the simultaneous equations
X+ay+a‘z=0
X+by+b?z=0 .

y ) to have solutions otherthan x=y=2z=0.

X+cy+cz=0

X+y+z=0

ax+by+z=1
31. Discuss the solution of {x+aby+z=b , determining when the system has no solution, and infinitely
X+by+az=1

many solutions.
32. Solve the following equations by matrix methods:

4x-3y+z=11 X+5y+3z=1
(1) 2X+y-4z=-1 (i) SX+y-z=2
X+2y-2z=1 X+2y+z2=3



